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Abstract
We employ stochastic quantization for a self-interacting nonminimal massive scalar field in curved
spacetime. The covariant background field method and local momentum space representation are
used to obtain the Euclidean correlation function and evaluate multi-loop quantum corrections
through simultaneous expansions in the curvature tensor and its covariant derivatives and in the
noise fields. The stochastic correlation function for a quartic self-interaction reproduces the well-
known one-loop result by Bunch and Parker and is used to construct the effective potential in
curved spacetime in an arbitrary dimension D up to the first order in curvature. Furthermore, we
present a sample of numerical simulations for D = 3 in the first order in curvature. We consider
the model with spontaneous symmetry breaking and obtain fully nonperturbative solutions for
the vacuum expectation value of the scalar field and compare them with with one- and two-loop
solutions.
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1. Introduction
The standard perturbative approach to the semiclassical gravity proved to be fruitful for many
applications, e.g., to evaluate the creation of particles in the primordial universe [1, 2, 3, 4] (see
[5] for an introduction) and to explore the back-reaction of quantum matter on the vacuum [6],
leading to the historically first Starobinsky model of inflation [7, 8]. However, there are situations
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in which it is necessary to go beyond the framework of the perturbative approach. This concerns
the quantum field theory (QFT) based description of Starobinsky inflation [9, 10] and an alternative
Higgs inflation model [11, 12, 13, 14, 15, 16], where two-loop corrections to the effective potential
were shown to modify the bounds for the Higgs mass. Other situations of similar sort occur
in the problem of high energy (UV) Higgs stability, as discussed recently in [17] (see further
references therein), and especially the possibility of the low-energy (IR) running of the observable
cosmological constant [18], which can not be proved or disproved due to technical limitations of
the available theoretical methods. In this last situation, one has to rely on qualitative considerations
based on covariance and dimensional arguments [19, 20, 21, 22], which lead to a universal form
for the IR running of the cosmological and Newton constants, such that what remains is a single
parameter to be determined from cosmological [23, 24] or astrophysical [25, 26, 27] data. This
is clearly an unsatisfactory situation, since the possibility of the IR running of the cosmological
constant is not supported by a solid quantum field theory calculation.
A situation somehow similar to the ones described above takes place in quantum chromody-
namics (QCD), where the perturbative approach is inefficient in the IR sector of the theory. It is
well known that the framework of lattice QCD has had remarkable success in e.g. reproducing the
masses of the ground-state light hadrons [28] and has become the standard source of insight into
the IR sector of QCD. In the lattice approach the theory is reformulated on a discrete Euclidean
spacetime lattice and solved as a classical statistical mechanics problem employing Monte-Carlo
methods [29]. Furthermore, when Monte-Carlo methods become inefficient, a most-used method
is stochastic quantization, which also provides a promising alternative to deal with complex-action
problems [30]. In stochastic quantization, quantum fluctuations are obtained with the use of the
Langevin equation. A first attempt to derive the Schro¨dinger equation within such an approach
is due to Nelson [31], which has proven to be an inadequate quantization procedure due to the
use of a classical noise source. Its modern incarnation dates back to the 1980’s with the work of
Parisi and Wu [32], who found the correct quantization procedure, in that quantum mechanics is
obtained as the thermal equilibrium limit of a hypothetical stochastic process with respect to a fic-
titious time (or quantum dimension) variable τ for the evolution of the Langevin equation. Within
this approach, an Euclidean quantum field theory in D dimensions is obtained as the equilibrium
limit for τ → ∞ of a classical system in D + 1 dimensions coupled to a random noise source with
strength ~. When applied to gauge theories, stochastic quantization is useful to resolve certain
issues related to gauge fixing ambiguities. Refs. [33, 34] are reviews for early developments and
applications of this approach.
Given its nonperturbative, Lorentz invariant nature, stochastic quantization is an alternative
to the functional integral and it seems natural to formulate the approach in an arbitrary curved
spacetime, dealing with the semiclassical approach to gravity. We note that there is a vast literature
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considering stochastic processes in semiclassical gravity, the most well known being the theory
of stochastic gravity (SG); a thorough review with an extensive list of references on SG can be
found in Ref. [35]. Stochastic processes enter in SG by treating the back reaction of the quantum
fields on the spacetime geometry within the framework of an open quantum system [36], in that
the quantum fields act as the environment and the gravitational background as the system. In
this case, the stochastic process is a physical one. One can also mention the important work of
Ref. [37], where the correlation functions for a massive nonminimal scalar field were considered
on de Sitter background by means of the Fokker-Planck equation. In stochastic quantization,
on the other hand, the stochastic process is driven by a fictitious time variable and provides a
third method of quantization [34], different from the canonical and path-integral methods, but
tailored for nonperturbative calculations through numerical simulations. More recently there have
been suggestions [38, 39, 40] that it might be closely related to the holographic principle, as both
state an equivalence between a D-dimensional quantum theory and (D + 1)−dimensional classical
theory.
In the present work we begin the systematic consideration of stochastic quantization of semi-
classical gravity in an arbitrary curved spacetime. Although stochastic quantization can be em-
ployed to consider the back reaction problem discussed above [33], the focus of interest here is
limited to the quantum aspects of matter fields propagating in a given background curved space-
time. Starting from the covariant form of the Langevin equation for a massive self-interacting
nonminimal scalar field in curved spacetime, we develop a computational scheme based on a local
momentum representation to obtain multi-loop quantum corrections to the classical solution. The
multi-loop corrections are obtained through a simultaneous expansion in the curvature tensor R
and in ~. In this respect, our approach is different from earlier [33] and more recent [41, 42]
applications of stochastic quantization to quantum gravity, in that the use of the local momentum
representation allows us to use stochastic quantization as in flat spacetime. To test the formalism
analytically, we first derive the autocorrelation function of the scalar field and the effective poten-
tial to first order in the curvature tensor R and in ~. The results for the correlation function and
effective potential are exactly the same as derived by other methods, confirming the correctness
of the covariant formulation of the Langevin equation. Next, we consider the vacuum expectation
value of the scalar field for the case of spontaneous symmetry breaking. We solve analytically and
numerically (for D = 3) the order−R Langevin equation at O(~) (one-loop) and O(~2) (two-loop).
We also solve numerically the full equation, the one that keeps the full ~ dependence, and compare
with the solutions at one- and two-loops.
The paper is organized as follows. In Sec. 2 the lowest-order derivation of the correlation
function of the scalar field theory nonminimally coupled to gravity is presented. The calculation is
performed analytically by perturbatively solving the Langevin equation using the Riemann normal
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coordinates. The result is used to obtain the effective potential to first order in curvature with the
cutoff regularization scheme. In order to test the method and also to generalize a previous result
obtained by means of the local momentum representation [43], present calculation is performed
in an arbitrary Euclidean dimension D. Section 3 presents results of the numerical simulations in
D = 3. Finally, our Conclusions and Perspectives are presented in Sec. 4.
Our notations mainly follow those of Bunch and Parker [44]. The Riemann curvature tensor
is defined by Rα
. βµν
= ∂µΓ
α
βν
+ . . . and the Ricci tensor is Rµν = R
α
. µαν. For performing quantum
calculations, we assume analytic continuation to Euclidean spacetime, but use the notation ηµν for
the flat spacetime metric. The determinant of the metric is g = det (gµν).
2. Correlation function and effective potential in stochastic quantization
We are interested in the theory of a nonminimally coupled with gravity self-interacting massive
scalar field ϕ, with the action
S =
∫
dDx
√
g
[
1
2
gµν∂µϕ ∂νϕ +
1
2
(
m2 + ξR
)
ϕ2 + V(ϕ)
]
, (1)
where D is the spacetime dimension, R is the scalar curvature and V(ϕ) is a potential, and m2 > 0
or m2 < 0, the latter being the case of spontaneous symmetry breaking. ξRϕ2 is the nonminimal
term and ξ is the nonminimal parameter, while m2ϕ2 + V(ϕ) is the minimal part of the classical
potential. The addition of the nonminimal term is necessary for the renormalizability of the quan-
tum theory in D = 4 (see e.g. Ref. [45] for an introduction to the subject). Although for the
formal developments the form of the potential is not really essential, for the explicit calculations
we use the function V(ϕ) = λ
4
ϕ4, with λ > 0. In the numerical simulations we consider the case
of spontaneous symmetry breaking.
To implement the stochastic quantization, an extra coordinate τ, the fictitious time, also known
as Markov parameter, is introduced and the scalar field is supplemented with this additional co-
ordinate, ϕ(x) → ϕ(x, τ). The dynamics of the field ϕ(x, τ) is described by a Langevin equation
driven by a random white noise field η(x, τ). Let us start by writing the Langevin equation in
curved spacetime in a covariant form,
∂ϕ(x, τ)
∂τ
= − 1√
g
δS
δϕ(x, τ)
+ ηc(x, τ) , (2)
where S is the action defined previously in Eq. (1) and ηc(x, τ) is the “covariant” white noise field.
By covariant we mean that the gaussian white noise obeys the following correlations (generalized
Einstein’s relations)
〈η(x, τ)〉η = 0, 〈η(x, τ) η(x′, τ′)〉η = 2~ δc(x, x′) δ(τ − τ′), (3)
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where 〈· · · 〉η means the stochastic average and δc(x, x′) is the covariant delta function, which is
symmetric in the arguments x and x′ and also satisfies
∫
dDy
√
g(y) f (y) δc(x, y) = f (x) . (4)
It is not difficult to verify that the solution for this delta function is δc(x, x
′) = g−1/4 δD(x−x′) g′ −1/4,
where g = g(x), g′ = g(x′) and δD(x − x′) is the ordinary Dirac delta function in flat space.
Although we have been using and will continue to use ~ = 1 in the following, we have writ-
ten it explicity in Eq. (3) to recall the quantum nature of the noise fields. The main idea of the
Parisi and Wu stochastic quantization [32] is that quantum field theory vacuum expectation values
〈ϕ(x1) · · ·ϕ(xn)〉, which in the path integral approach are given by
〈ϕ(x1) · · ·ϕ(xn)〉 =
1
Z
∫
Dϕ ϕ(x1) · · ·ϕ(xn) e−S [ϕ], (5)
are obtained from the stochastic averages of correlation functions of the field ϕ(x, τ) in the τ → ∞
limit (the equilibrium limit). This is because the equilibrium (i.e. τ → ∞ limit) probability dis-
tribution of field configurations generated by the Langevin equation is precisely the Boltzmann
weight exp(−S [ϕ]) that enters in Eq. (5). This can be proven very easily [33, 34] by considering
the Fokker-Planck equation for the probability distribution associated with the Langevin equation
in Eq. (2). It is important to note that this nonperturbative proof of equivalence between the quan-
tum Euclidean path integral measure and the stationary distribution of a stochastic process does not
rely on the white noise nature of η(x, τ); the use of colored noise fields in a generalized Langevin
equation with a positive memory kernel satisfying the fluctuation-dissipation theorem leads to the
same equivalence [33]. The use of white noise is a matter of simplicity, although colored noise
naturally provides an ultraviolet cutoff that regularizes the ultraviolet behavior of the field the-
ory [46], a welcome feature for the renormalization program in lattice numerical simulations [47].
Let us stress that the use of the white noise in a general curved space is a complicated issue, and
here we solve it by using normal coordinates, that means we define the white noise effectively in
the flat space.
We are interested in evaluating the correlation function Gc(x, x
′). This correlation function is
obtained as
Gc(x, x
′) = lim
τ→∞
∆(x, x′|τ), (6)
where
∆(x, x′|τ) = 〈ϕ(x, τ)ϕ(x′, τ)〉η − 〈ϕ(x, τ)〉η 〈ϕ(x′, τ)〉η. (7)
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For the action in Eq. (1), the Langevin equation Eq. (2) reads
∂ϕ(x, τ)
∂τ
= −
[
− + m2 + ξR
]
ϕ(x, τ) − V ′(ϕ(x, τ)) + ηc(x, τ) , (8)
where = gµν∇µ∇ν is the d’Alembert operator. To compare with available results in the literature,
obtained in the context of the loop expansion, we will solve this equation by an expansion in
powers of ~. From Eq. (3), one can see that η = O(~1/2). We write for the field ϕ(x, τ) the
expansion
ϕ(x, τ) = φ(x) + ϕ(1)(x, τ) + ϕ(2)(x, τ) + · · · , (9)
where φ(x) is the O(~0) classical background field and the ϕ(n)(x, τ) are quantum corrections of
order O(~n/2). Using the expansion in the potential, one obtains
V ′
(
ϕ(x, τ)
)
= V ′(φ) + V ′′(φ)ϕ(1)(x, τ) + V ′′(φ)ϕ(2)(x, τ) +
1
2
V ′′′(φ) [ϕ(1)(x, τ)]2 + · · · , (10)
where dots stand for next order contributions with n > 2. Replacing Eqs. (9) and (10) into the
Langevin equation Eq. (8) and equating terms of the same order in ~, one finds the following set
of equations for the ϕ(n):
∂φ(x)
∂τ
= −
[
− + m2 + ξR
]
φ(x) − V ′(φ), (11)
∂ϕ(1)(x, τ)
∂τ
= −
[
− + m2 + ξR + V ′′(φ)
]
ϕ(1)(x, τ) + ηc(x, τ), (12)
∂ϕ(2)(x, τ)
∂τ
= −
[
− + m2 + ξR + V ′′(φ)
]
ϕ(2)(x, τ) − 1
2
V ′′′(φ) [ϕ(1)(x, τ)]2, (13)
and similarly for n > 2. This set is formed by linear equations which can be, in principle, solved
by iteration. We note that a noise expansion procedure was used previously in cosmology [48, 49,
50, 51] in a different context, not related to stochastic quantization. Ref. [52] is first publication
related to noise perturbation in the context of stochastic quantization.
Although Eqs. (11)-(13) are linear equations, they can not be solved analytically in general
when the classical solution is not a constant. Therefore, for the analytical calculation of the prop-
agator and effective potential, we take φ(x) ≡ φcl = const. The following initial conditions are
assumed:
ϕ(x, 0) = φ(x) + ϕ(1)(x, 0) + ϕ(2)(x, 0) + · · · = φcl, (14)
which imply
ϕ(1)(x, 0) = ϕ(2)(x, 0) = · · · = 0. (15)
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2.1. Correlation function
Using the noise expansion of the field as in Eq. (9) in the correlation function defined in Eq. (7),
one finds for one-loop contribution
∆1−loop(x, x′|τ) = 〈ϕ(1)(x, τ)ϕ(1)(x′, τ)〉η. (16)
Therefore, to obtain the correlation function up to first order in ~, one just needs to solve the first
order equation given in Eq. (12). In order to evaluate this equation, we rely on the local momentum
representation method based on the Riemann normal coordinates [44], which is a useful formal-
ism for mass-dependent calculations of local quantities, such as the effective potential [43]. The
advantage of these special coordinates is that one can use flat-space methods of calculations, such
as momentum representation, and apply an expansion in powers of the curvature tensor and its
covariant derivatives at the point P to all relevant quantities — see e.g. Eqs. (23) and (24) below.
The method is very efficient especially for deriving local quantities.
In the normal coordinates formalism, the spacetime metric gαβ(x) and all related quantities
are expanded near a point P(x′), where the metric is supposed to be flat. In the first order in the
curvature, we have the dimension-independent result [53]:
gαβ(x) = ηαβ −
1
3
Rαµβν(x
′) yµyν + · · · , (17)
where x′ are the coordinates of the point P and yµ = xµ − x′µ are deviations from this point.
Before starting the normal coordinates expansion, we follow Bunch and Parker [44] and intro-
duce a noncovariant correlation function ∆¯(x, x′|τ) through the relation
∆(x, x′|τ) = g−1/4 ∆¯(x, x′|τ) g′ −1/4 . (18)
In the close analogy with Eq. (16), we also introduce a new field ϕ¯ such that
∆¯1−loop(x, x′|τ) = 〈ϕ¯(1)(x, τ) ϕ¯(1)(x′, τ)〉 , (19)
where the relation between the old field variable ϕ and the new one ϕ¯ is given by ϕ = g−1/4 ϕ¯.
Also, by defining a new noise field η¯ through η = g−1/4 η¯, the noise correlation function reduces to
〈η¯(x, τ) η¯(x′, τ′)〉η = 2 δD(x − x′) δ(τ − τ′), (20)
where δD(x − x′) is the flat spacetime delta function. The crucial point behind this equation is that
its r.h.s. does not depend on the metric tensor. Hence, after introducing the normal coordinates
one can use the standard flat spacetime stochastic quantization procedure. In terms of the new
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variables, after multiplying both sides of Eq. (12) from the left by g1/4, one obtains for the O(~1/2)
field equation
∂ϕ¯(1)(x, τ)
∂τ
= −
[
− g1/4  g−1/4 + m2 + ξR + V ′′(φ)
]
ϕ¯(1)(x, τ) + η¯(x, τ) . (21)
Next, we introduce the expansion in normal coordinates and solve Eq. (21) order by order
in a curvature expansion around flat spacetime. Regardless the fact that the covariant derivative
commutes with g in general, this is not true order by order in the expansion in normal coordinates;
see e.g. Eqs. (23) and (24), where clearly the terms at first order in curvature tensors are different.
Therefore, the presence of the extra factors of g±1/4 in Eq. (21) is an important aspect of the
approach.
Equation (21) has an appropriate form for introducing the Riemann normal coordinates. In
particular, we are interested in the terms that are of first order in the curvature. Using Eq. (17), the
expansions of R and  up to first order in the curvature are given by
R(x) = R(x′) + · · · , (22)
 = ∂2 +
1
3
R
µ ν
α β
(x′) yαyβ ∂µ∂ν −
2
3
Rαβ(x
′) yβ ∂α + · · · , (23)
so that
g1/4 g−1/4 = ∂2 +
1
6
R +
1
3
[
R
µ ν
α β
(x′) yαyβ ∂µ∂ν − Rαβ (x′) yβ ∂α
]
+ · · · , (24)
where the derivatives are ∂α = ∂/∂y
α, ∂2 = ηµν∂µ∂ν and · · · stands for the terms of higher orders in
the curvature and its covariant derivatives. Deriving the effective potential, one can safely consider
V ′′(φ) = const and simply replace m2 by m˜2 = m2+V ′′(φ) in Eq. (21) and in the following. Using
Eqs. (17) and (24) in Eq. (21), we obtain
∂ϕ¯(1)(x, τ)
∂τ
= −
(
−∂2 + m˜2
)
ϕ¯(1)(x, τ) −
(
ξ − 1
6
R
)
ϕ¯(1)(x, τ)
+
1
3
[
R
µ ν
α β
yαyβ ∂µ∂ν − Rαβ yβ ∂α
]
ϕ¯(1)(x, τ) + · · · + η¯(x, τ) . (25)
This equation is the generalized Langevin equation that we need to solve to obtain the one-loop
contribution to the correlation function. It contains an infinite expansion in the curvature R but it
can be solved consistently order by order within the curvature expansion by expanding R and its
covariant derivatives at the point P.
Proceeding in the same way for all the ϕ(n), i.e. defining ϕ(n) = g−1/4 ϕ¯(n), the expansion in R is
obtained by expanding each of the ϕ¯(n) in the form
ϕ¯(n)(x, τ) = ϕ¯
(n)
0
(x, τ) + ϕ¯
(n)
1
(x, τ) + · · · , (26)
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where the superscript n indicates the power of ~ and the subscripts 0 and 1 indicate the power of
R so that ϕ¯
(n)
0
is of O(R0) and ϕ¯(n)
1
is of O(R). We restrict the expansion to first order in R. By direct
use of this expansion into Eqs. (11)-(13) we obtain the following set of equations:
∂ϕ¯
(1)
0
(x, τ)
∂τ
= −
(
−∂2 + m˜2
)
ϕ¯
(1)
0
(x, τ) + η¯(x, τ) , (27)
∂ϕ¯
(2)
0
(x, τ)
∂τ
= −
(
−∂2 + m˜2
)
ϕ¯
(2)
0
(x, τ) − 1
2
V (III)
(
ϕ¯
(1)
0
(x, τ)
)2
, (28)
∂ϕ¯
(3)
0
(x, τ)
∂τ
= −
(
−∂2 + m˜2
)
ϕ¯
(3)
0
(x, τ) − V (III) ϕ¯(1)
0
(x, τ)ϕ¯
(2)
0
(x, τ) − 1
6
V (IV)
(
ϕ¯
(1)
0
(x, τ)
)3
, (29)
∂ϕ¯
(4)
0
(x, τ)
∂τ
= −
(
−∂2 + m˜2
)
ϕ¯
(4)
0
(x, τ) − V (III)
[
ϕ¯
(1)
0
(x, τ)ϕ¯
(3)
0
(x, τ) +
1
2
(
ϕ¯
(2)
0
(x, τ)
)2]
− 1
2
V (IV)
(
ϕ¯
(1)
0
(x, τ)
)2
ϕ¯
(2)
0
(x, τ), (30)
for flat spacetime, and
∂ϕ¯
(1)
1
∂τ
(x, τ) = −
(
−∂2 + m˜2
)
ϕ¯
(1)
1
(x, τ) −
(
ξ − 1
6
)
R ϕ¯
(1)
0
(x, τ), (31)
∂ϕ¯
(2)
1
(x, τ)
∂τ
= −
(
−∂2 + m˜2
)
ϕ¯
(2)
1
(x, τ) −
(
ξ − 1
6
)
R ϕ¯
(2)
0
(x, τ) − V (III) ϕ¯(1)
0
(x, τ)ϕ¯
(1)
1
(x, τ)
− 1
24
V (III) Rµνy
µyν
(
ϕ¯
(1)
0
(x, τ)
)2
, (32)
∂ϕ¯
(3)
1
(x, τ)
∂τ
= −
(
−∂2 + m˜2
)
ϕ¯
(3)
1
(x, τ) −
(
ξ − 1
6
)
R ϕ¯
(3)
0
(x, τ) − V (III)
[
ϕ¯
(1)
0
(x, τ)ϕ¯
(2)
1
(x, τ)
+ ϕ¯
(2)
0
(x, τ)ϕ¯
(1)
1
(x, τ)
]
− 1
2
V (IV)
[
ϕ¯
(1)
0
(x, τ)
]2
ϕ¯
(1)
1
(x, τ)
− 1
12
Rµνy
µyν
[
V (III) ϕ¯
(1)
0
(x, τ)ϕ¯
(2)
0
(x, τ) +
1
3
V (IV)
(
ϕ¯
(1)
0
(x, τ)
)3]
, (33)
∂ϕ¯
(4)
1
(x, τ)
∂τ
= −
(
−∂2 + m˜2
)
ϕ¯
(4)
1
(x, τ) −
(
ξ − 1
6
)
R ϕ¯
(4)
0
(x, τ) − V (III)
[
ϕ¯
(3)
0
(x, τ)ϕ¯
(1)
1
(x, τ)
+ ϕ¯
(1)
0
(x, τ)ϕ¯
(3)
1
(x, τ) + ϕ¯
(2)
0
ϕ¯
(2)
1
(x, τ)
]
− V (IV)
[
1
2
(
ϕ¯
(1)
0
(x, τ)
)2
ϕ¯
(2)
1
(x, τ)
+ ϕ¯
(1)
0
(x, τ)ϕ¯
(2)
0
(x, τ)ϕ¯
(1)
1
(x, τ)
]
− 1
12
Rµνy
µyν
{
V (III)
[
ϕ¯
(1)
0
(x, τ)ϕ¯
(3)
0
(x, τ) +
1
2
(
ϕ¯
(2)
0
(x, τ)
)2]
+ V (IV)
(
ϕ¯
(1)
0
(x, τ)
)2
ϕ¯
(2)
0
(x, τ)
}
, (34)
for curved spacetime up to first order in R. We note that the last term in the expansion in Eq. (24)
does not contribute to these equations because they vanish due to Lorentz invariance [44]. We note
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the presence of terms proportional to Rµν, which imply that correlation functions beyond one-loop
will not be be proportional to (ξ − 1/6)R only.
The corresponding curvature expansion of the one-loop correlation function Eq. (19) is then
given by
∆¯1−loop(x, x′|τ) = 〈ϕ¯(1)
0
(x, τ) ϕ¯
(1)
0
(x′, τ)〉η + 2 〈ϕ¯(1)0 (x, τ) ϕ¯(1)1 (x′, τ)〉η + · · · , (35)
where we used the fact that 〈ϕ¯0(x, τ) ϕ¯1(x′, τ)〉η = 〈ϕ¯0(x′, τ) ϕ¯1(x, τ)〉η since in the first order in
curvature one can simply make x↔ x′ for the curvature expansions in the normal coordinates, see,
e.g., Eq. (22). The first term in Eq. (35) corresponds to the correlation function in flat spacetime
which is already known, while the second one is the first order in curvature correction which is the
new object to evaluate.
Equations (27) and (34) are solved analytically by using the Fourier transforms of the scalar
and noise fields,
ϕ¯
(n)
0,1
(x, τ) =
∫
dDk
(2π)D
eikx ϕ¯
(1)
0,1
(k, τ) , η¯(x, τ) =
∫
dDk
(2π)D
eikx η¯(k, τ), (36)
with 〈η¯(k, τ)η¯(k′, τ′)〉η = 2~ (2π)DδD(k + k′)δ(τ − τ′), which follows from Eq. (20). We exemplify
the procedure for Eqs. (27) and (31), those required for the one-loop correlation function:
∂ϕ¯
(1)
0
(k, τ)
∂τ
= −
(
k2 + m˜2
)
ϕ¯
(1)
0
(k, τ) + η¯(k, τ) , (37)
∂ϕ¯
(1)
1
(k, τ)
∂τ
= −
(
k2 + m˜2
)
ϕ¯
(1)
1
(k, τ) −
(
ξ − 1
6
)
R ϕ¯
(1)
0
(k, τ) . (38)
Using the initial conditions in Eqs. (14) and (15), one obtains:
ϕ¯
(1)
0
(k, τ) =
∫ τ
0
dτ′ e−(k
2+m˜2)(τ−τ′) η¯(k, τ′), (39)
ϕ¯
(1)
1
(k, τ) = −
(
ξ − 1
6
)
R
∫ τ
0
dτ′ e−(k
2+m˜2)(τ−τ′) ϕ¯(1)
0
(k, τ′) . (40)
One can now evaluate the one-loop correlation function: the flat space time part is given by [33]
〈ϕ¯(1)
0
(x, τ) ϕ¯
(1)
0
(x′, τ)〉η =
∫
dDk
(2π)D
eiky
k2 + m˜2
[
1 − e−2(k2+m˜2)τ
]
, (41)
and the order-R by
〈ϕ¯(1)
0
(k, τ) ϕ¯
(1)
1
(k′, τ)〉η = −
(
ξ − 1
6
)
R
∫
dDk
(2π)D
eiky
1 − e−2(k
2+m˜2)τ
2(k2 + m˜2)2
− τ e
−2(k2+m˜2)τ
k2 + m˜2
 . (42)
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Therefore, ∆¯1−loop(x, x′|τ) at first order in R is given by
∆¯1−loop(x, x′|τ) =
∫
dDk
(2π)D
eiky
1 − e
−2(k2+m˜2)τ
k2 + m˜2
−
(
ξ − 1
6
)
R
1 − e−2(k
2+m˜2)τ
(k2 + m˜2)2
− 2 τ e
−2(k2+m˜2)τ
k2 + m˜2

 . (43)
In the equilibrium limit, one has
G¯(x, x′) = lim
τ→∞
∆¯1−loop(x, x′|τ) =
∫
dDk
(2π)D
eiky
[
1
k2 + m˜2
−
(
ξ − 1
6
) R
(k2 + m˜2)2
]
, (44)
which reproduces the result of Bunch and Parker [44] for the momentum-space representation of
the Feynman propagator. This completes our first task, which is to derive a well known result
using stochastic quantization in curved space and normal coordinates. Although this should not be
taken by itself as the main result of the present paper, it is nevertheless reassuring that one could
obtain it using a completely different method of stochastic quantization.
To conclude this section, we remark that the order in which the expansions in ~ and R are made
is not relevant. Moreover, for a calculation with the full ~ dependence retained, one performs only
the expansion in R. Starting from Eq. (8), redefining the scalar and noise fields by ϕ = g−1/4 ϕ¯ and
η = g−1/4 η¯ as previously, expanding g = det
(
gµν
)
up to the first order in R and writing ϕ¯ = ϕ¯0+ ϕ¯1,
where ϕ¯0 is O(R0) and ϕ¯1 is O(R1), one obtains the following equations for ϕ¯0 and ϕ¯1:
∂ϕ¯0(x, τ)
∂τ
= −
(
−∂2 + m2
)
ϕ¯0(x, τ) − λ ϕ¯30(x, τ) + η¯(x, τ), (45)
∂ϕ¯1(x, τ)
∂τ
= −
(
−∂2 + m2
)
ϕ¯1(x, τ) −
(
ξ − 1
6
)
R ϕ¯0(x, τ)
− 3λ ϕ¯20(x, τ)ϕ¯1(x, τ) −
1
6
Rµνy
µyν λ ϕ¯30(x, τ). (46)
Clearly, these equations contain the full ~ dependence. When ϕ¯0 and ϕ¯1 are expanded as in Eq. (9),
one recovers the loop expansion discussed above. In section 3 we present comparisons of analyti-
cal and numerical solutions.
2.2. Effective potential
After deriving Eq. (44), one can use the result for calculating the effective potential. The
effective potential Ve f f (φ) is defined as the zeroth-order term in the derivative expansion of the
effective action of a background scalar field φ(x):
Ve f f (φ) =
1
2
m2φ2 − 1
2
ξRφ2 + V(φ) + V¯ (1)(φ) + · · · , (47)
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where V¯ (1)(φ) is the one-loop correction to the effective potential. The curvature expansion of
V¯ (1)(φ) reads V¯ (1) = V¯
(1)
0
+ V¯
(1)
1
+ · · · , where V¯ (1)
0
is the well-known flat spacetime effective
potential, which has been derived many times and in different ways starting from the work of
Coleman and Weinberg [54]. The order−R correction V¯ (1)
1
(φ), as shown e.g. in Ref. [43], can
be written in terms of G¯0(k) and G¯1(k), the flat spacetime and order−R terms in the integrand of
Eq. (44).
The result for the effective potential is
V¯
(1)
0
(φ) =
1
2
∫
dDk
(2π)D
ln
(
k2 + m2 + V ′′
k2 + m2
)
=
ΩD
2D+1πD/2
{
1
Γ
(D
2
+ 1
) ln
(
Ω2 + m2 + V ′′
Ω2 + m2
)
(48)
− Ω
2
Γ
(
D
2
+ 2
)
[
1
m2 + V ′′ 2
F1
(
1, D+2
2
, D+4
2
,− Ω
2
m2 + V ′′
)
− 1
m2
2F1
(
1, D+2
2
, D+4
2
,−Ω
2
m2
) ]}
,
for the flat space part1 and
V¯
(1)
1
(φ) = −1
2
∫
dDk
(2π)D
G¯−10 (k) G¯1(k) =
1
2
(
ξ − 1
6
)
R
∫
dDk
(2π)D
1
k2 + m2 + V ′′
=
(
ξ − 1
6
)
R
ΩD
2DπD/2 D Γ(D
2
)
1
m2 + V ′′ 2
F1
(
1, D
2
; D+2
2
;− Ω
2
m2 + V ′′
)
, (49)
for the first order terms. For D = 4 both expressions precisely give the result obtained in Ref. [43],
where the renormalization and related aspects were discussed in detail and hence will not be con-
sidered here.
3. Numerical simulations
The main advantage of the approach based on the Riemann normal coordinates is that the
practical calculation is performed in flat space. In particular, this means we can use the well-known
methods of lattice-regularized Langevin numerical simulations. It should be clear, however, that
the results have validity for small R and yµ.
For this initial investigation, we perform numerical simulations for the simpler case of D = 3;
therefore, the mass dimensions of the relevant quantities are as follows: [ϕ¯] = 1/2, [λ] = 1,
[τ] = −2, [η¯] = 5/2, and [R] = 2. We solve the Langevin equations on a N3 lattice, with
lattice spacing a. The Langevin-time discretization is denoted ∆τ. It is convenient to rescale all
dimensionful quantities by a, namely
ϕ¯ = φˆ a−1/2, x = xˆ a, m˜ = mˆ a−1, λ = λˆ a−1, η¯ = ηˆ a−5/2 ǫ1/2, τ = τˆ a2, ∆τ = ǫ a2. (50)
1The last term in this expression is a vacuum contribution, for it does not depend on φ.
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We exemplify the numerical procedure for Eqs. (27) and (31). In terms of these rescaled quantities,
the corresponding discretized equations are given (in Itoˆ calculus [56]) by
φˆ
(1)
0
(xˆ, τˆ + ǫ) = φˆ
(1)
0
(xˆ, τˆ) + ǫ
(
ˆ − mˆ2
)
φˆ
(1)
0
(xˆ, τˆ) +
√
ǫ ηˆ(xˆ, τˆ), (51)
φˆ
(1)
1
(xˆ, τˆ + ǫ) = φˆ
(1)
1
(xˆ, τˆ) + ǫ
(
ˆ − mˆ2
)
φˆ
(1)
1
(xˆ, τˆ) −
(
ξ − 1
6
)
Rˆ φˆ
(1)
0
(xˆ, τˆ), (52)
with ˆ φˆ = φˆ(xˆ + eˆ) − 2φˆ(xˆ) + φˆ(xˆ − eˆ), where eˆ is a unit vector, and the noise correlation is
〈ηˆ(xˆ, τˆ) ηˆ(xˆ′, τˆ′)〉η = 2 δxˆ,xˆ′ δτˆ,τˆ′ . The other equations for φˆ(2)0 , φˆ(2)1 , . . . , as well as the nonperturbative
equations in Eqs. (45) and (46), are discretized in the same manner.
We solve all Langevin equations with ǫ = 10−4 on a N3 = 163 lattice. The values of the lattice
mass and coupling constant are chosen mˆ = 1 = λˆ. The scalar curvature R is supposed to be small
for the expansion in R to make sense; therefore, we choose Rˆ = 0.1. The classical background field
in flat spacetime is the constant field at the minimum of the classical potential, φˆcl =
√
−mˆ2/λˆ = 1.
The corresponding bare “Higgs mass” is mˆ2
H
= −mˆ2 + 3λˆφˆ2
cl
= 2mˆ2 = 2.
Let us first consider the one-loop correlation function. We concentrate on the R−dependent
part of the correlation function, the second term in Eq. (35). In terms of lattice variables, it is
given by
∆ˆ
1−loop
R
(xˆ, xˆ|τ) = 2 〈φˆ(1)
0
(xˆ, τˆ) φˆ
(1)
1
(xˆ, τˆ)〉ηˆ
= −
(
ξ − 1
6
)
Rˆ
16N3
N−1∑
n1,n2,n3=0

1 − e−2τˆ(kˆ2+mˆ2)
[d(mˆ, n1, n2, n3)]
2
− 2τˆe
−2τˆ(kˆ2+mˆ2)
d(mˆ, n1, n2, n3)
 , (53)
where d(mˆ, n1, n2, n3) = (mˆ/2)
2 +
∑3
i=1 sin
2(niπ/N). This expression corresponds to the limit τ →
∞, the equilibrium from the viewpoint of stochastic quantization. The one-loop expression has an
overall factor of ξ−1/6. This factor is a common feature in the one-loop results for the nonminimal
term. We have performed a lengthy two-loop calculation to obtain the two-loop generalization2 of
Eq. (53) and found that it is not proportional to ξ − 1/6 only, because of the Rµν term in Eqs. (32)-
(34), regardless of the fact that in the three-dimensional space there is no conformal symmetry at
ξ = 1/6, no one-loop divergences and hence there is no corresponding anomaly.
Figure 1 shows the one-loop results of the numerical simulations (with stochastic averages
taken over 100 noise realizations) for the R−dependent part of the correlation function for different
values of (ξ − 1/6). The corresponding analytical results are also shown by the dashed lines. The
figure reveals that the lattice simulations reproduce very well the analytical results. We note that
changing the values of the parameters does not spoil this good agreement.
2We expect to report it soon in a separate more extensive publication [55].
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Figure 1: R−dependent part of the correlation function, second term in Eq. (35), as a function of τˆ. The dotted points
are the results of the numerical simulations and the dashed lined lines correspond to the analytic result, Eq. (53).
Next, we discuss results for the vacuum expectation value 〈φˆ〉 of the field (recall we are con-
sidering the case of spontaneous symmetry breaking):
〈φˆ〉 = lim
τ→∞
1
N3
N−1∑
n1 ,n2,n3=0
〈φˆ(xˆ, τˆ)〉η. (54)
We choose the positive values of 〈φˆ〉, as the action has the ϕ→ −ϕ symmetry. Initially we compare
analytical and numerical calculations. The expressions for the analytic results, particularly those
at two loops, are too lengthly to be shown here and will be presented elsewhere [55]. In the left
panel of Fig. 2 we show results for 〈φˆ〉 as a function of the coupling λˆ calculated up to two loops:
〈φˆ〉2−loop =
(
φˆcl + 〈φˆ(2)0 〉 + 〈φˆ(2)1 〉 + 〈φˆ(4)0 〉 + 〈φˆ(4)1 〉
)
/φˆcl. (55)
For this comparison, the analytical (and therefore the numerical as well) results are for a homo-
geneous and flat classical background, i.e. φˆcl =
√
−mˆ2/λˆ. Terms proportional to Rµν have been
neglected as well. The agreement between analytical and numerical (shown as dots in the figure)
results is very good. The agreement is now spoiled for other values of mˆ and Rˆ and also ξ.
Finally, we discuss results for 〈φˆ〉 with the full dependence on ~ retained, i.e. results obtained
from the solutions of Eq. (45) and (46). We also compare with the corresponding one- and two-
loop results. Now we include the term Rµνy
µyν and consider curvature effects on the classical
background. Since yµ must be small, we take it as being the lattice spacing—smaller values of yµ
would make the last term in Eq. (46) even less important. For Rµν we invoke rotational symmetry
and take Rµν = R11 = 1/3R for all µ and ν. The results are shown on the right panel of Fig. 2.
The full−~ solutions are the solid (black) curves, and one- and two-loop solutions are the (red)
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Figure 2: Vacuum expectation value of the field, Eq. (54), as function of the coupling, and normalized to φˆcl =√
−mˆ2/λˆ. Left panel: Analytical and numerical results up to two loops, Eq. (55), for the flat and curved spacetimes,
with a flat and homogeneous classical background. The dotted points are the results of the numerical simulations.
Right panel: All solid (black) curves represent the solutions of the full Langevin equations, Eqs. (45): the uppermost
curve is for flat spacetime (Rˆ = 0) and the lower ones for curved spacetime (Rˆ = 0.1), the classical background
includes curvature effects.
dashed and (blue) dot-dashed curves, respectively. Not surprisingly, the figure reveals that as λˆ
increases, the O(~) results deviate from the nonperturbative ones considerably. But it also reveals
that there is improvement when going to O(~2), at least for the parameters chosen. There is an
interesting interplay between the roles played by λ and ξ, as indicated by the presence of the
dip at λˆ ∼ 0.8 in the solutions for (ξ − 1/6) = 10. This is due to the fact that the equilibrium
values of ϕ0 and ϕ1 have opposite signs. This is clear for the classical solutions of Eqs. (45) and
(46): while (ϕ¯0)cl = ±
√
−m2/λ, the order−R solution is (ϕ¯1)cl = −[(ξ − 1/6)R/(m2 + 3λϕ0)] (ϕ¯0)cl,
when neglecting the smaller term proportional do Rµν in Eq. (46). For larger values of λˆ, quantum
fluctuations make the φˆ0 contribution dominate over φˆ1, as can be seen by the rising of the curve
towards the flat-spacetime solution. We note that the dip is also present in the curves for (ξ−1/6)R,
but for a value of λˆ beyond the range shown in the figure.
4. Conclusions and Perspectives
The formalism of stochastic quantization enables one to go beyond the scope of the usual
perturbation theory, in particular when using numerical lattice methods for solving the associated
Langevin equation. We presented a construction of this equation for the self-interacting scalar
field in an arbitrary curved background. The solution of the Langevin equation can be carried on
either analytically or numerically, by means of the local momentum representation.
In the analytical part of the work we used the Langevin equation to reproduce the known result
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for the effective potential of self-interacting scalar field in curved space in the dimension D = 4,
confirming the that the equivalence of stochastic quantization and path integral also holds in curved
space. Furthermore, we derive the effective potential at one loop order in an arbitrary dimension
D in curved space. To the best of our knowledge this result is original. We have also made of
analytical and numerical two-loop calculations.
The main point of the paper is the complementarity of the analytic and numerical approaches,
especially the possibility of using numerical simulations based on lattice methods in curved space-
time. This is facilitated by the local momentum representation, which allows us to obtain curved-
space results by making calculations in flat space, associated with a given point P.
From the exercise described in Sec. 3 it is clear that the numerical simulations can be carried
out to an arbitrary order in ~, a feature that is hardly possible in analytical calculations due to
the appearance of multiloop integrals at higher orders that become more and more complicated
to solve. The numerical solution is facilitated because the perturbative Langevin equations for
the different orders in ~ have the same structure, they are linear and can be solved iteratively.
Furthermore, as we have shown explicitly, the use of the loop expansion is actually not necessary
at all, as numerical simulations can be performed using an expansion in R only and not in ~, i.e.
no expansion in the noise field. Again, to our knowledge such results have been obtained for the
first time in the present paper.
Given the limited scope of this first publication regarding numerical simulations, we do not
pursue such an analyses further here. It is planned to make a more complete analysis in a future
publication for the realistic case of D = 4 for which, in particular, the continuum limit and renor-
malization will be studied. This will allow detailed comparisons with and extension to higher-
orders of previous two-loop calculations, e.g. those of Refs. [57, 58].
The progress in nonperturbative methods in curved spacetime would pave the way for future
work. Perhaps the most relevant step would be the development of nonperturbative methods of
evaluating the effective action, which is a generalization of effective potential for the non-constant
background field. Another possible development of the approach which we presented above is
related to the gauge-independent quantization of the theories with unbroken, softly broken and
even strongly broken gauge symmetries. We expect to deal with those issues in future works.
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